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Abstract: Let f be a partially hyperbolic diffeomorphism. f is called has the quasi-
shadowing property if for any pseudo orbit {xk}k∈Z, there is a sequence {yk}k∈Z
tracing it in which yk+1 lies in the local center leaf of f(yk) for any k ∈ Z. f is called
topologically quasi-stable if for any homeomorphism g C0-close to f , there exist a
continuous map pi and a motion τ along the center foliation such that pi ◦g = τ ◦f ◦pi.
In this paper we prove that if f is dynamically coherent then it has quasi-shadowing
and topological quasi-stability properties.
0 Introduction
The goal of this paper is to investigate the quasi-shadowing property and its relation to the quasi-
stability for partially hyperbolic diffeomorphisms under certain assumptions on the foliations.
It is well known that any Anosov diffeomorphism f on a closed manifold M has the shadowing
property (see [1] and [4] for example). That is, for any ε > 0 there exists δ > 0 such that every
pseudo orbit ξ = {xk}
+∞
−∞
with supk∈Z d(f(xk), xk+1) ≤ δ is ε-shadowed (ε-traced) by some true orbit
orb(x) in the sense of supk∈Z d(f
k(x), xk) ≤ ε. However, for any partially hyperbolic diffeomorphism
we cannot expect that in general the shadowing property holds since in this case a center direction
is allowed in addition to the hyperbolic directions. Therefore, how to find an analogous property is
interesting.
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Recently, we showed that any partially hyperbolic diffeomorphism f : M −→ M without any
additional assumption has the quasi-shadowing property in the following sense: for any pseudo orbit
{xk}k∈Z, there is a sequence {yk}k∈Z tracing it in which yk+1 is obtained from f(yk) by a motion τ
along center direction. In particular, if f has C1 center foliation, the motion τ can be chosen along the
center foliation and hence has more geometrical meaning([6]). To obtain the above quasi-shadowing
property, we used a unified “analytic” method which is a modification of that in [1] and [8], where
it was used to get the shadowing and stability properties for Anosov diffeomorphisms and Anosov
flows respectively. In this paper, we shall obtain the quasi-shadowing property with the motion τ
also moving points along the center foliation under the dynamical coherence assumption which is
weaker than smoothness. In this case, the above “analytic” method seems ineffective, we turn to a
“geometric” method which relies on more detailed information about the foliations of the system.
This result is given in Theorem A. We mentioned that Kryzhevich and Tikhomirov [10] got a similar
result recently using a different strategy which combines the “analytic” and “geometric” techniques.
Actually, in our proof we borrow the elegant idea of Bowen ([4]) to construct the quasi-shadowing
sequence for a pseudo orbit and hence in some sense this construction is more intuitive.
Shadowing property is a powerful tool to investigate the stability property of a system. In [14],
Walters showed that shadowing property implies topological stability for any expansive homeomor-
phism on a compact metric space. Hence any Anosov diffeomorphism f : M −→ M is topologically
stable ([13]), that is, for any homeomorphism g C0-close to f there exists a continuous map pi onto
M such that
pi ◦ g = f ◦ pi. (0.1)
For partially hyperbolic diffeomorphisms, we can not expect such stabilities because of the existence
of the center direction.
Recently, Hu and Zhu [7] showed that any partially hyperbolic diffeomorphism f : M −→ M
without any additional assumption is topologically quasi-stable in the following sense: for any home-
omorphism g C0-close to f , there exist a continuous map pi from M to itself and a family of locally
defined maps {τx : x ∈M}, which map points along the center direction, such that
pi ◦ g(x) = τf(x) ◦ f ◦ pi(x) for all x ∈M. (0.2)
In particular, if f has C1 center foliation, the motion τ can be chosen along the center foliation. To get
these quasi-stability results, we also used a unified “analytic” method. However, if one want to get the
quasi-stability with the motion τ also moving points along the center foliation without the smoothness
assumption on the center foliation, this “analytic” method also seems ineffective. Fortunately, now
we can resort to the quasi-shadowing we obtain in Theorem A. Recently, Kryzhevich [9] showed that
dynamical coherence implies plaque expansivity. Quasi-shadowing and plaque expansivity for partially
hyperbolic diffeomorphisms are the counterparts of shadowing and expansivity respectively for Anosov
diffeomorphisms. Hence, we can apply these two properties to get the topological quasi-stability with
the desired motion τ for the partially hyperbolic diffeomorphism under the assumption of dynamical
coherence (Theorem B).
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1 Definition and statement of results
Everywhere in this paper, we assume that M is a smooth m-dimensional compact Riemannian mani-
fold. We denote by ‖ · ‖ and d(·, ·) the norm on TM and the metric on M induced by the Riemannian
metric, respectively.
A diffeomorphism f :M →M is said to be (uniformly) partially hyperbolic if there exist numbers
λ, λ′, µ and µ′ with 0 < λ < 1 < µ and λ < λ′ ≤ µ′ < µ, and an invariant decomposition TxM =
Esx ⊕ E
c
x ⊕ E
u
x ∀x ∈M , such that for any n ≥ 0,
‖dxf
nv‖ ≤ Cλn‖v‖ as v ∈ Es(x),
C−1(λ′)n‖v‖ ≤ ‖dxf
nv‖ ≤ C(µ′)n‖v‖ as v ∈ Ec(x),
C−1µn ‖v‖ ≤ ‖dxf
nv‖ as v ∈ Eu(x)
hold for some number C > 0. The subspaces Esx, E
c
x and E
u
x are called stable, center and unstable
subspace, respectively. Via a change of Riemannian metric we always assume that C = 1. Moreover,
for simplicity of the notation, we assume that λ =
1
µ
. For general theory of partially hyperbolic
system, we refer to [5], [11], [2] and [3].
A partially hyperbolic diffeomorphism f is called dynamically coherent if Ecu := Ec ⊕ Eu, Ec,
and Ecs := Ec ⊕ Es are integrable, and everywhere tangent to Wcu, Wc and Wcs, called the center-
unstable, center and center-stable foliations, respectively; and Wc and Wu are subfoliations of Wcu,
while Wc and Ws are subfoliations of Wcs. For any x ∈ M , denote Wω(x), ω ∈ {s, c, u, cs, cu},
the stable, center, unstable, center-stable, center-unstable manifold of x respectively. For ε > 0,
denote Wωε (x), ω ∈ {s, c, u, cs, cu} the corresponding local manifolds of size ε. We also call these local
manifolds plaques.
Theorem A. Let f :M →M be a partially hyperbolic diffeomorphism. If f is dynamically coherent
then f has the quasi-shadowing property in the following sense: for any ε > 0 there exists δ > 0 such
that for any δ-pseudo orbit {xk}k∈Z of f , there exists a sequence {yk}k∈Z with yk ∈W
c
ε (f(yk−1)) such
that d(xk, yk) < ε.
Now we consider an application of our result to the quasi-stability. f is called plaque expansive with
respect to the center foliation Wc if there exists η > 0 such that for any η-pseudo orbits {xn}
∞
n=−∞
and {yn}
∞
n=−∞ in which f(xn) and f(yn) lie in the center plaque W
c
η (xn+1) and W
c
η (yn+1) respec-
tively, xn and yn must lie in a common center plaque, i.e., xn ∈W
c
η (yn). Such an η is called a plaque
expansiveness constant of f . Recently, Kryzhevich [9] showed that for any partially hyperbolic dif-
feomorphism, dynamical coherence implies plaque expansivity. Applying quasi-shadowing and plaque
expansivity properties, we can get the following quasi-stability property.
Theorem B. Let f :M →M be a partially hyperbolic diffeomorphism. If f is dynamically coherent,
then f has the topological quasi-stability in the following sense: for any ε > 0 there exists δ > 0
such that for any homeomorphism g of M with d(f, g) < δ there exist a surjective continuous map
pi : M → M and a family of motions {τx : x ∈ M} which move points along the center foliation and
are continuously dependent on x such that
pi ◦ g(x) = τx ◦ f ◦ pi(x), x ∈M, (1.1)
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i.e., the following commutative diagram
M
g
−−−−−−−−−−−−−−−−−→M
pi


y


y pi
M
f
−−−−−−−−→M
τ(·)
−−→ M
holds.
Remark 1.1. In Theorem B, the family of motions {τx : x ∈ M} are continuously dependent on x
means that τx ◦ f ◦ pi(x) tends to τy ◦ f ◦ pi(y) as y tends to x. Here we write the motions in the form
τx, x ∈M to indicate their dependence on x. In fact, from the definitions of pi and τx in the proof of
this theorem, there possibly exist two points x, y ∈M with pi(x) = pi(y) but pig(x) 6= pig(y), and hence
τx ◦ f ◦ pi(x) 6= τy ◦ f ◦ pi(y). However, when the homeomorphism g in Theorem B is also expansive,
then the family of motions {τx : x ∈M} is “coherent” and form a homeomorphism.
Corollary 1.2. Let f be as in Theorem B. Then for any expansive homeomorphism g C0 sufficiently
close to f there exist two homeomorphisms pi and τ on M such that
pi ◦ g = τ ◦ f ◦ pi, (1.2)
where τ maps every point to its image along the center foliation.
2 Quasi-shadowing
To prove Theorem A, we first list some facts about the foliations. By the dynamical coherence and
transversality of the foliations, we have the following fact.
Fact 2.1. There exists δ0 > 0, L0 > 1 such that for any 0 < δ < δ0 and x, y ∈M satisfying d(x, y) < δ,
the following statements hold.
1) The intersection W cuL0δ(x)
⋂
W sL0δ(y) consists of a single point and so does the intersection
W csL0δ(x)
⋂
WuL0δ(y).
2) When x, y lie in a common center-unstable (resp. center-stable) leaf, the intersectionW cL0δ(x)
⋂
WuL0δ(y)
(resp. W cL0δ(x)
⋂
W sL0δ(y)) consists of a single point.
Fix x ∈M , 0 < r < L0δ03 and consider the family of center plaques
Lc,ur (x) = {W
c
r (z) : z ∈ B
cu(x, r)},
where Bcu(x, r) = B(x, r) ∩ W cu(x). Clearly, the union of the elements in Lc,ur (x) form a center-
unstable plaque, for convenience, we also denote it by Lc,ur (x). Choose two unstable plaques D
1 and
D2 which are transverse to Lc,ur (x) and define a map h : D
1 → D2 by setting
h(y) = D2 ∩W cr (y) for y ∈ D
1.
Clearly, the map is well defined and it is a homeomorphism onto its image. It is called an unstable
holonomy map along the center leaves inside a center-unstable plaque. Similarly, we can define a family
of center plaques Lc,sr (x) inside a local center-stable manifold of x and define a stable holonomy map
along the center leaves for any two stable plaques D1 and D2 which are transverse to Lc,sr (x). Since
M is compact, these holonomy maps have the locally equivalent continuity in the following sense.
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Fact 2.2. For any α > 0, there exist 0 < r1, r2 <
L0δ0
3 such that for any x ∈M and any two unstable
(resp. stable) plaques D1 and D2 which are transverse to Lc,ur1 (x) (resp. L
c,s
r1
(x)), the corresponding
unstable (resp. stable) holonomy map h : D1 → D2 along the center leaves has the following property:
for any z, z′ ∈ D1
d(z, z′) < r2 implies d(h(z), h(z
′)) < α. (2.1)
Note that for any k ∈ Z the corresponding foliations Wω, ω ∈ {s, c, u, cs, cu} of fk coincide with
that of f , then we have the following fact.
Fact 2.3. f has the quasi-shadowing property if and only if fk so does.
This fact ensure me to assume the hyperbolicity constant λ is sufficiently small to meet our needs.
Take δ1 > 0 such that
d(f(x), f(y)) < λd(x, y) for y ∈ W sδ1(x),
d(f−1(x), f−1(y)) < λd(x, y) for y ∈ Wuδ1(x).
(2.2)
Proof of Theorem A. For any ε > 0, take α < ε3 (correspondingly, r1 and r2 in Fact 2.2 are taken
with respect to α), and then take δ and λ all small enough satisfying
2λL0 < 1, (2.3)
δ(1 + 2L0 + 2λL0) <
ε
3
(2.4)
and
λ(2L0δ + α) < r2, (2.5)
and such that the following two statements hold.
Statement 1. Any stable, center, unstable, center-stable and center-unstable plaques which will
be concerned in the following proof are all with the size less than max{L0δ0, δ1}, hence 1) and 2) in
Fact 2.1 and the inequalities in (2.2) hold.
Statement 2. Any center-stable and center-unstable plaques which will be concerned in the
following proof are contained in some Lc,sr1 and L
c,u
r1
respectively, hence Fact 2.2 holds.
We emphasize that the conditions (2.3), (2.4), (2.5) are a little bit technical. In fact, you can first
ignore them and the estimations of the sizes of many plaques and the distance between the points we
have to deal with in the following and quickly catch the idea of how the quasi-shadowing sequences
are constructed.
Let ξ = {xi}
+∞
i=−∞ be a δ-pseudo orbit of f . We will find a sequence {y
∗
i }
+∞
i=−∞ which ε-quasi-
shadows ξ in three steps.
Step 1. Find a sequence {yui }
+∞
i=0 which
2ε
3 -quasi-shadows the positive half sequence {xi}
+∞
i=0 .
Firstly, we consider a finite piece {xi}
n
i=0 of ξ for n ≥ 1. In the following, we will define four
sequences {zi}
n
i=1, {z
′
i}
n
i=1 , {yi}
n−1
i=0 and {y
′
i}
n−1
i=1 successively. The existence and uniqueness of these
points are ensured by Statement 1 and Statement 2. The first two sequences {zi}
n
i=1 and {z
′
i}
n
i=1 are
defined as follows. Since d(f(x0), x1) < δ, from Fact 2.1, take
{z1} =W
cu
L0δ
(f(x0)) ∩W
s
L0δ
(x1) and {z
′
1} =W
u
L0δ
(f(x0)) ∩W
cs
L0δ
(x1).
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Note that by (2.2) and (2.3),
d(f(z1), x2) ≤ d(f(z1), f(x1)) + d(f(x1), x2) < λL0δ + δ < 2δ.
Let
{z2} =W
cu
2L0δ(f(z1)) ∩W
s
2L0δ(x2) and {z
′
2} =W
u
2L0δ(f(z1)) ∩W
cs
2L0δ(x2).
Now assume that for any 2 ≤ k ≤ n− 1,
{zk} =W
cu
2L0δ(f(zk−1)) ∩W
s
2L0δ(xk) and {z
′
k} =W
u
2L0δ(f(zk−1)) ∩W
cs
2L0δ(xk).
Then
d(f(zk), xk+1) ≤ d(f(zk), f(xk)) + d(f(xk), xk+1) < 2λL0δ + δ < 2δ.
Hence we can take
{zk+1} =W
cu
2L0δ(f(zk)) ∩W
s
2L0δ(xk+1) and {z
′
k+1} =W
u
2L0δ(f(zk)) ∩W
cs
2L0δ(xk+1).
By the dynamical coherence, for any 1 ≤ i ≤ n, zi and z
′
i lie in a common center plaque. Now we
define the last two sequences {yi}
n−1
i=0 and {y
′
i}
n−1
i=1 as follows. Let yn−1 = f
−1(z′n) and y
′
n−1 be the
unique point in the intersection of the center plaque of yn−1 and the unstable plaque of z
′
n−1. Assume
for any 2 ≤ k ≤ n − 1, yk and y
′
k are defined, then take yk−1 = f
−1(y′k) and y
′
k−1 to be the unique
point in the intersection of the center plaque of yk−1 and the unstable plaque of z
′
k−1. Finally let
y0 = f
−1(y′1).
From the definition of these four sequences and statement 2, we can see that each element in the
family
{
{x0, y0}, {f(x0), z
′
1, y
′
1}, {f(z1), z
′
2, y
′
2}, · · · , {f(zn−2), z
′
n−1, y
′
n−1}, {f(zn−1), z
′
n}
}
lies in an unstable plaque, and each element in the family
{
{yi, zi, y
′
i, z
′
i}
}n−1
i=1
lies in a center-unstable
plaque Lc,ur1 . Moreover, {yi}
n−1
i=0 quasi-shadows {xi}
n−1
i=0 . Now we estimate, for 1 ≤ i ≤ n − 1, the
distance between xi and yi. Since z
′
n ∈ W
u
2L0δ
(f(zn−1)) and yn−1 = f
−1(z′n), by (2.2), we have
d(zn−1, yn−1) < λd(f(zn−1), z
′
n) ≤ 2λL0δ < r2. (by (2.5))
So
d(xn−1, yn−1) ≤ d(xn−1, zn−1) + d(zn−1, yn−1)
< 2L0δ + 2λL0δ <
ε
3
, (by (2.4))
and d(z′n−1, y
′
n−1) < α by Fact 2.2 . Then
d(f(zn−2), y
′
n−1) ≤ d(f(zn−2), z
′
n−1) + d(z
′
n−1, y
′
n−1) < 2L0δ + α.
Hence,
d(zn−2, yn−2) < λd(f(zn−2), y
′
n−1) < λ(2L0δ + α), (by (2.2))
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and
d(xn−2, yn−2) ≤ d(xn−2, zn−2) + d(zn−2, yn−2)
< 2L0δ + λ(2L0δ + α) <
2ε
3
. (by (2.4))
Inductively, we can get that for 3 ≤ i ≤ n− 1,
d(xn−i, yn−i) ≤ d(xn−i, zn−i) + d(zn−i, yn−i) < 2L0δ + λ(2L0δ + α) <
2ε
3
and
d(x0, y0) < λd(f(x0), y
′
1) ≤ λ[d(f(x0), z
′
1) + d(z
′
1, y
′
1)] < λ(L0δ + α) <
2ε
3
.
Therefore, we prove that {yi}
n−1
i=0
2ε
3 -quasi-shadows {xi}
n−1
i=0 . In fact, by the construction, we can see
that the sequence {yi}
n−1
i=0 is uniquely determined by {xi}
n
i=0, and y0 ∈ W
u(x0), yi ∈ W
cu(f i(x0)) for
any 1 ≤ i ≤ n − 1. For convenience, we relabel {yi}
n−1
i=0 by {yi,n}
n−1
i=0 to indicate its dependence on
n. Let yu0 be one limit point of {y0,n}
∞
n=0. Obviously, y
u
0 ∈ W
u(x0). Now we define two sequences
{(yui )
′}∞i=0 and {y
u
i }
∞
i=0 successively as follows. Let (y
u
1 )
′ = f(yu0 ) and y
u
1 be the unique point in
the intersection of the unstable plaque of z1 and the center plaque of (y
u
1 )
′. Assume that for any
1 ≤ i ≤ k, (yui )
′ and yui are defined, then we take (y
u
k+1)
′ = f(yuk ) and y
u
k+1 to be the unique point in
the intersection of the unstable plaque of zk+1 and the center plaque of (y
u
k+1)
′. It is easy to see that
yui ∈ W
cu(f i(x0)) for any i ≥ 1 and the sequence {y
u
i }
∞
i=0
2ε
3 -quasi-shadows {xi}
∞
i=0.
Step 2. Find a sequence {ysi }
0
i=−∞ which
2ε
3 -quasi-shadows the negative half sequence {xi}
0
i=−∞.
Since the strategy in this step is similar to that in step 1 except for the type of plaques in which
the quasi-shadowing sequence lies, we only give the outline of the construction of {ysi }
0
i=−∞. For
simplicity, we assume that for any i ≤ 0, d(f−1(xi), xi−1) < δ (otherwise, we can take 0 < δ
′ < δ such
that for any δ′-pseudo orbit {xi}
+∞
i=−∞, we have d(f
−1(xi), xi−1) < δ for i ≤ 0 and show that {xi}
+∞
i=−∞
can be ε-quasi-shadowed by some sequence of points). Firstly, for any finite piece {xi}
0
i=n(n ≤ −1) of
ξ, we define four sequences {zi}
−1
i=n, {z
′
i}
−1
i=n, {yi}
0
i=n+1 and {y
′
i}
−1
i=n+1 successively as follows. Let
z−1 =W
s
L0δ
(f−1(x0)) ∩W
cu
L0δ
(x−1), z
′
−1 =W
cs
L0δ
(f−1(x0)) ∩W
u
L0δ
(x−1);
z−2 =W
s
2L0δ(f
−1(z′
−1)) ∩W
cu
2L0δ(x−2), z
′
−2 =W
cs
2L0δ(f
−1(z′
−1)) ∩W
u
2L0δ(x−2);
· · · · · ·
zn =W
s
2L0δ(f
−1(z′n+1)) ∩W
cu
2L0δ(xn), z
′
n =W
cs
2L0δ(f
−1(z′n+1)) ∩W
u
2L0δ(xn).
Let y′n+1 = f(zn), yn+1 be the unique point in the intersection of the center plaque of y
′
n+1 and the
stable plaque of zn+1. Inductively define y
′
i = f(yi−1) and yi to be the unique point in the intersection
of the center plaque of y′i and the stable plaque of zi for any n + 2 ≤ i ≤ −1, and let y0 = f(y−1).
From the construction and statement 2, we can see that each element in the family
{
{x0, y0}, {f
−1(x0), z−1, y−1}, {f
−1(z′
−1), z−2, y−2}, · · · , {f
−1(z′n+2), zn+1, yn+1}, {f
−1(z′n+1), zn}
}
lies in a stable plaque and each element in the family
{
{zi, yi, z
′
i, y
′
i}
}−1
i=n+1
lies in a center-stable
plaque Lc,sr1 . Moreover {yi}
0
i=n+1 quasi-shadows {xi}
0
i=n+1. Now we estimate the distance between
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xi and yi for any n + 1 ≤ i ≤ 0. Since f
−1(z′n+1) and zn lie in a common stable plaque and
d(f−1(z′n+1), zn) < 2L0δ, then
d(z′n+1, y
′
n+1) < λd(f
−1(z′n+1), zn) < 2λL0δ < r2.
Hence by Fact 2.2, d(zn+1, yn+1) < α and then
d(xn+1, yn+1) ≤ d(xn+1, f
−1(xn+2)) + d(f
−1(xn+2), f
−1(zn+2)
′)
+d(f−1(zn+2)
′, zn+1) + d(zn+1, yn+1)
< δ + 2λL0δ + 2L0δ + α <
ε
3
+
ε
3
=
2ε
3
. (by(2.4))
Similarly, we have d(xi, yi) <
2ε
3 for any n+ 2 ≤ i ≤ −1. Moreover,
d(x0, y0) < λd(f
−1(x0), y−1) ≤ λ[d(f
−1(x0), z−1) + d(z−1, y−1)] < λ(L0δ + α) <
2ε
3
.
Therefore, we prove that {yi}
0
i=n+1
2ε
3 -quasi-shadows {xi}
0
i=n+1. Relabel {yi}
0
i=n+1 by {yi,n}
0
i=n+1
and let ys0 be one limit point of {y0,n}
0
n=−∞. Obviously y
s
0 ∈ W
s(x0). Now define two sequences
{ysi }
0
i=−∞ and {(y
s
i )
′}0i=−∞ as follows. Let y
s
−1 = f
−1(ys0), (y
s
−1)
′ be the unique point in the intersec-
tion of the stable plaque of z′
−1 and the center plaque of y
s
−1. Inductively define y
s
i = f
−1((ysi+1)
′) and
(ysi )
′ to be the unique point in the intersection of the stable plaque of z′i and the center plaque of y
s
i
for any i ≤ −2. Clearly, ysi ∈ W
cs(f i(x0)) for any i ≤ −1 and {y
s
i }
0
i=−∞
2ε
3 -quasi-shadows {xi}
0
i=−∞.
Step 3. Construct the desired sequence {y∗i }
+∞
i=−∞.
Note that d(ys0, y
u
0 ) ≤ d(y
s
0, x0) + d(x0, y
u
0 ) < 2λ(L0δ + α) . So by Fact 2.1, we can take
y∗0 =W
s
2λL0(L0δ+α)
(yu0 ) ∩W
cu
2λL0(L0δ+α)
(ys0) and (y
∗
0)
′ =W cs2λL0(L0δ+α)(y
u
0 ) ∩W
u
2λL0(L0δ+α)
(ys0).
We now define two sequences {y∗i }
+∞
i=−∞ and {(y
∗
i )
′}+∞i=−∞ as follows. For the positive direction,
inductively define (y∗i )
′ = f(y∗i−1) and y
∗
i to be the single point in the intersection of the center
plaque of (y∗i )
′ and the stable plaque of yui for i ≥ 1. It is obvious that each element of the family{
{(yui )
′, (y∗i )
′, yui , y
∗
i }
}∞
i=1
lies in a center-stable plaque Lc,sr1 and d((y
u
i )
′, (y∗i )
′) < r2, hence by Fact
2.2, d(yui , y
∗
i ) ≤ α <
ε
3 for i ≥ 1. Therefore, for i ≥ 1,
d(xi, y
∗
i ) ≤ d(xi, y
u
i ) + d(y
u
i , y
∗
i ) ≤
2ε
3
+
ε
3
= ε. (2.6)
For the negative direction, inductively define y∗i = f
−1((y∗i+1)
′) and (y∗i )
′ to be the single point in the
intersection of the center plaque of y∗i and the unstable plaque of (y
s
i )
′ for i ≤ −1. Similar to that in
the positive direction, each element of the family
{
{(ysi )
′, (y∗i )
′, ysi , y
∗
i }
}−1
i=−∞
lies in a center-unstable
plaque Lc,ur1 and d(y
s
i , y
∗
i ) ≤
ε
3 for i ≤ −1. Hence for i ≤ −1,
d(xi, y
∗
i ) ≤ d(xi, y
s
i ) + d(y
s
i , y
∗
i ) ≤
2ε
3
+
ε
3
= ε. (2.7)
Also note
d(x0, y
∗
0) ≤ d(x0, y
u
0 ) + d(y
u
0 , y
∗
0) < λ(L0δ + α) + 2λL0(L0δ + α) < ε. (2.8)
By (2.6), (2.7) and (2.8), we conclude that the sequence {y∗i }
+∞
i=−∞ ε-quasi-shadows the δ-pseudo orbit
{xi}
+∞
i=−∞. Please see the following figure to understand the construction of the above sequences of
points.
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This completes the proof of Theorem A.
3 Quasi-stability
Proof of Theorem B. Let f : M →M be a partially hyperbolic diffeomorphism which is dynamically
coherent. By [9], f is plaque expensive with respect to the center foliation. Let η be a plaque
expensiveness constant.
Let ε < η2 . By Theorem A, there exists δ > 0 such that for any δ−pseudo orbit {xi}
+∞
i=−∞
of f , there exists a sequence {y∗i }
+∞
i=−∞ with y
∗
i ∈ W
c
ε (f(y
∗
i−1)) and d(xi, y
∗
i ) < ε for any i ∈ Z.
Remember that in the proof of Theorem A, {y∗i }
+∞
i=−∞ is uniquely determined by {y
s
i }
0
i=−∞ and
{yui }
+∞
i=0 , and {y
s
i }
0
i=−∞ and {y
u
i }
+∞
i=0 are uniquely determined by y
s
0 and y
u
0 respectively. Note that
ys0 (resp. y
u
0 ) is one limit point of the fixed family {y
s
0,n}
0
n=−∞ (resp. {y
u
0,n}
+∞
n=0) which is uniquely
determined by {xn}
0
n=−∞(resp. {xn}
+∞
n=0). We claim that under the plaque expensiveness assumption
the above sequence {y∗i }
+∞
i=−∞ must be unique. Otherwise, assume {y¯
∗
i }
+∞
i=−∞ is another ε-quasi-
shadowing sequence as in Theorem A in which y¯∗0 is uniquely determined by y¯
s
0 and y¯
u
0 (which are
the analogous of ys0 and y
u
0 to y
∗
0). Clearly, d(y
∗
i , y¯
∗
i ) ≤ d(y
∗
i , xi) + d(xi, y¯
∗
i ) < 2ε = η for any i ∈ Z.
Then by the plaque expensiveness, each pair of y∗i and y¯
∗
i must lie in a common center plaque. In
particular, y∗0 ∈ W
c
η (y¯
∗
0). However, since {y
∗
i }
+∞
i=−∞ is different from {y¯
∗
i }
+∞
i=−∞ then {y
s
0, y
u
0 } must be
different from {y¯s0, y¯
u
0 }. Remember that y
s
0, y¯
s
0 ∈ W
s
ε (x0), y
u
0 , y¯
u
0 ∈ W
u
ε (x0), y
∗
0 ∈ W
s
ε (y
u
0 ) ∩W
cu
ε (y
s
0)
and y¯∗0 ∈ W
s
ε (y¯
u
0 ) ∩ W
cu
ε (y¯
s
0). Therefore, by the dynamical coherence, y
∗
0 and y¯
∗
0 can not lie in a
common center plaque. A contradiction. Hence the above claim holds. Furthermore, we can see by
this claim that yu0 (resp. y
s
0) is the unique limit point of the set {y
u
0,n}
∞
n=0 (resp. {y
s
0,n}
0
n=−∞).
Let g is C0-close to f with d(f, g) < δ, then for any x ∈ M , the g-orbit of {gi(x)}+∞i=−∞ is a
δ-pseudo orbit of f . Hence there is a unique sequence {y∗i }
+∞
i=−∞ as in Theorem A which ε-quasi-
shadows {gi(x)}+∞i=−∞. Let pi(x) = y
∗
0 , then by the above claim pi is a well-defined map on M .
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Now we show that pi is continuous. For any x ∈ M and any sequence {x(k)}∞k=1 tends to x as
k tends to infinity, we get a sequence of g-orbits
{
{gi(x(k))}+∞i=−∞
}∞
k=1
. Correspondingly, we get
a sequence of quasi-shadowing sequences
{
{y∗i (k)}
+∞
i=−∞
}∞
k=1
in which {y∗i (k)}
+∞
i=−∞ ε-quasi-shadows
{gi(x(k))}+∞i=−∞. By the definition of pi, pi(x(k)) = y
∗
0(k). Note that for any n ∈ Z
+, the g-orbit pieces
{gi(x(k))}ni=−n converges to {g
i(x)}ni=−n (with respect to the Hausdorff distance) as k tends to infinity.
As in Theorem A, we get two sequences {yu0,n(k) ∈ W
u
ε (x(k))}
∞
k=1 and {y
s
0,−n(k) ∈ W
s
ε (x(k))}
∞
k=1.
From the construction of them and the dynamical coherence, it is easy to see that yu0,n(k) → y
u
0,n
and ys0,−n(k) → y
s
0,−n as k → +∞. From the above claim, for any k ∈ Z
+ there is also a unique
limit point yu0 (k) (resp. y
s
0(k)) of the set {y
u
0,n(k)}
∞
n=1 (resp. {y
s
0,−n(k)}
∞
n=1). Then we have that
yu0 (k) → y
u
0 , y
s
0(k) → y
s
0, and hence pi(x(k)) = y
∗
0(k) → y
∗
0 = pi(x) as k → +∞. This means that pi is
continuous. Obviously, d(pi, idM ) < ε, so from Lemma 3 of [13], pi is surjective when ε is small enough.
Now for any x ∈ M , let {y∗i }
+∞
i=−∞ be the unique ε-quasi-shadowing sequence of the g-orbit
{gi(x)}+∞i=−∞. As in the proof of Theorem A, there is another sequence {(y
∗
i )
′}+∞i=−∞ is constructed
simultaneously. From the construction of these two sequences, we have, for any i ∈ Z, (y∗i )
′ = f(y∗i−1),
and y∗i lies in the center plaque of (y
∗
i )
′. By uniqueness of these two sequences and the definition of
pi, we have pi(gi(x)) = y∗i . So if we denote τgi(x)((y
∗
i )
′) = y∗i , then we have
pi ◦ gi(x) = τgi−1(x) ◦ f ◦ pi(g
i−1(x)).
This gives (1.1). Similar to that for pi, we can get the continuous dependence of {τx : x ∈ M} on x
from their construction.
This completes the proof of Theorem B.
References
[1] D. Anosov, On a certain class of invariant sets of smooth dynamical systems, Proc. 5th Int. Conf.
on Non-linear Oscill. 2. Kiev(1970),39-45 (Russian).
[2] L. Barreira and Y. Pesin, Nonuniform Hyperbolicity, Cambridge University Press, Cambridge,
2007.
[3] C. Bonatti, L. Diaz and M. Viana, Dynamics Beyond Uniform Hyperbolicity: A Global Geometric
and Probabilistic Perspective, Encyclopaedia Math. Sci., 102, Springer-Verlag, Berlin, 2005.
[4] R. Bowen, Equilibrium states and the ergodic theory of Anosov diffeomorphisms, Lect. Notes in
Math. 470, Springer, 1975.
[5] M. Hirsch, C. Pugh and M. Shub, Invariant Manifolds, Lect. Notes in Math. 583, Springer, 1977.
[6] H. Hu, Y. Zhou and Y. Zhu, Quasi-shadowing for partially hyperbolic diffeomorphisms,
arXiv:1210.4988.
[7] H. Hu and Y. Zhu, Quasi-stability of partially hyperbolic diffeomorphisms, Tran. Amer. Math.
Soc., (to appear).
10
[8] K. Kato and A. Morimoto, Topological stability of Anosov flows and their centerizers, Topology,
12(1973),255-273.
[9] S. Kryzhevich, On the Plaque Expansivity Conjecture, arXiv:1311.6890.
[10] S. Kryzhevich and S.Tikhomirov, Partial hyperbolicity and central shadowing, Discrete Contin.
Dyn. Syst, 33 (2013), 2901-2909.
[11] Y. Pesin, Lectures on Partial Hyperbolicity and Stable Ergodicity, Zurich Lectures in Advanced
Mathematics. European Mathematical Society (EMS), Zurich, 2004.
[12] C. Pugh and M. Shub, Stably ergodic dynamical systems and partial hyperbolicity, J. Complexity,
13 (1997), 125-179.
[13] P. Walters, Anosov diffeomorphisms are topologically stable, Topology, 9 (1970),71-78.
[14] P. Walters, On the pseudo-orbit tracing property and its relationship to stability, Vol 668 of Lect.
Notes in Math., Springer Verlag, 1978, 231-244.
11
